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We investigate the interaction-driven instability of a quadratic band crossing arising for ultra-
cold bosonic atoms loaded into a two-dimensional optical lattice. We consider the case when the
degenerate point becomes a local minimum of both crossing energy bands such that it can sup-
port a stable Bose-Einstein condensate. Repulsive contact interaction among the condensed bosons
induces a spontaneously time-reversal symmetry broken superfluid phase and a topological gap is
opened in the excitation spectrum. We propose two concrete realizations of the desired quadratic
band crossing in lattices with either fourfold or sixfold rotational symmetries via suitable tuning of
the unit cell leading to reduced Brillouin zones and correspondingly folded bands. In either case,
topologically protected edge excitations are found for a finite system.
Ultracold atoms in optical lattices with sufficient tun-
ability constitute an ideal platform for studying many-
body physic and in particular topological states of quan-
tum matter [1–6]. A wide variety of lattice potentials can
be realized experimentally via interfering laser beams,
ranging from triangular [7, 8], honeycomb [9], checker-
board [10, 11], Lieb [12] to Kagome [13] geometries lead-
ing to a rich collection of single-particle band structures.
Experimental breakthroughs with regard to the imple-
mentation of synthetic magnetic fields [14–19] and spin-
orbit coupling [20–27] for ultracold atoms using tech-
niques as laser-assisted tunneling [15–25], lattice shak-
ing [8, 28, 29], and magnetic-field-gradient pulses [26,
27, 30–34] have provided us with the necessary building
blocks for the formation of topological band insulators.
According to the symmetry classification for noninter-
acting fermions [35–37], schemes for realizing topologi-
cal Chern insulators share the common feature to explic-
itly break time-reversal symmetry (TRS) on the single-
particle level.
Spontaneous symmetry breaking induced by interac-
tion provides another promising mechanism for achieving
topological phases [38–51]. For a two-dimensional (2D)
fermionic system, arbitrary repulsive interaction renders
the quadratic band crossing unstable towards a quantum
anomalous Hall phase with a spontaneous TRS break-
ing [39, 40]. Attractive interaction among fermions can
also generate topological chiral superfluids if it possesses
effective higher-partial-wave character [46, 47] or even
in the case of an s-wave interaction in spin-imbalanced
systems [48, 49]. A spontaneous quantum Hall effect
emerges for fermions moving on an interaction-driven
spin texture background in a triangular lattice [50, 51].
Recently, emergent topological phases in weakly inter-
acting bosons have attracted great interest [52–55]. Dif-
ferent methods of TRS breaking in a Bose-Einstein con-
densate (BEC) are utilized to implement a quantum Hall
like effect for the bosonic excitations. Ref. [52] uses an
optical phase imprinting method to create a background
vortex lattice [52]. Refs. [53, 54] employ spontaneous
TRS breaking induced by the Umklapp scattering among
bosons in nearly degenerate p-orbitals in 2D optical lat-
tices [53, 54]. However, each of these schemes is only
adapted to a specific lattice and the TRS breaking ac-
companied by a nonzero local or global orbital angular
momentum of the condensate is insufficient to guarantee
the emergence of topological excitations. This has moti-
vated us to identify the underlying fundamental mecha-
nism, which allows us to give a more general recipe for re-
alizing interaction-driven bosonic topological excitations.
In this work, we provide a general criterion for realiz-
ing topological excitations of Bose condensates [52–58],
that is 1. to provide a quadratic band crossing point
(QBCP) and 2. a ferromagnetic orbital interaction to in-
FIG. 1. (color online). (a) Schematic picture for stabilizing
bosons condensed at a quadratic band crossing via adding a
parabolic single-particle spectrum. (b) Generic methods of
realizing a quadratic band crossing by folding the Brillouin
zone (BZ) in lattices with D4 and D6 point-group symme-
tries. The large black square (honeycomb) denotes the first
BZ of the lattice, the small red square (honeycomb) shows the
reduced BZ after folding. Momenta K1 and K2 are merged
after folding. (c) Case of square lattice: Two parabolic band
minima at K1 and K2 in the initial BZ are merged at the cor-
ner of the reduced BZ. (d) Case of honeycomb lattice: Two
Dirac cones at K1 and K2 in the initial BZ are merged at the
center (Γ-point) of the reduced BZ.
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2duce a spontaneous TRS breaking. In order to enable a
stable BEC at the QBCP, it is chosen to be a local min-
imum of both crossing bands. Following this strategy,
we point out two concrete experimentally realistic opti-
cal lattice scenarios with fourfold and sixfold rotational
symmetries and single-particle spectra and interactions
satisfying the requirements for having topological exci-
tations. We thus extend previous studies on topologi-
cal states in fermionic systems with a QBCP to bosonic
systems. The fact that we only require s-wave interac-
tion should facilitate experiments with bosonic systems
as compared to their fermionic counterparts.
Instability of the quadratic band crossing.— We con-
sider a quasi two-dimensional (2D) optical lattice with
a QBCP in single-particle energy spectra. In this work
we focus on topological excitations of bosonic superflu-
ids. In order to enable a stable BEC at the QBCP, the
QBCP is assumed to form a local minimum of the cross-
ing energy bands, as illustrated in Fig. 1(a). We begin
by formulating a low-energy theory for describing spin-
less bosons near a QBCP. We assume that the system is
time-reversal invariant and loaded into lattices with a D4
or D6 point-group symmetry to protect the degeneracy
of the QBCP [39]. Generally, we can use orbital bases
of time-reversal pairs to formulate the theory, such as
px ± ipy and dx2−y2 ± idxy orbitals. Close to the degen-
erate point, the low-energy Hamiltonian is given by [59]
H =
∫
dr
[
φ†H0φ+ g
2
∑
s=±
φ†sφ
†
sφsφs + 2gφ
†
+φ
†
−φ−φ+
]
,(1)
where φ†(r) = [φ†+(r), φ
†
−(r)] and φ± are field oper-
ators associated with time-reversal orbital pairs with
T φ+T −1 = φ− and T being the time-reversal opera-
tor. A generic way to express the single-particle spec-
trum near a topologically non-trivial QBCP is [39]
H0(k) = t0(k2x + k2y)σ0 + t1(k2x − k2y)σx + 2t2kxkyσy,(2)
where σ0 is the identity and σx,y are Pauli matrices. Dif-
ferent from usual discussions on fermionic systems, we
choose t0 > max(|t1|, |t2|) to ensure the stability of the
BEC assumed to reside at the QBCP. Here, we consider
an experimentally realizable ferromagnetic orbital inter-
action with g > 0 [28] as shown in Eq. (1), which nat-
urally arises from a merely repulsive s-wave contact in-
teraction. Its detailed form in Eq. (1) is obtained from
a two-mode approximation and the requirement of or-
bital angular momentum conservation [59]. This interac-
tion favors TRS breaking, when bosons condense at the
QBCP [59], leading to a quantum Hall like state as we
clarify below.
We choose a degenerate ground state with 〈φ†(k =
0)〉 = [√N, 0], where all N bosons condense
in the φ+ mode at zero momentum, and apply
the number-conserving approach to obtain excita-
tions [59]. The Hamiltonian is written as H =
FIG. 2. (color online). (a) Excitations for the TRS bro-
ken ground state with 〈φ†(k = 0)〉 = [√N, 0]. (b) Berry
curvatures for the lowest (red solid line) and the first (black
dashed-dotted line) band of the Bogoliubov excitation spec-
trum. Here, we choose t0 = 2t1 = 2t2 = 2 and gn = 0.5.
1
2
∑
k(φ
†
k, φ−k)HBdG(k)(φk, φ†−k)T . The Bogoliubov-de
Gennes (BdG) Hamiltonian reads
HBdG(k) = σ0 ⊗ [H0(k) + gnσ0] + σx ⊗ [σz + σ0]gn
2
.(3)
where n = N/V and V are the density of bosons and the
volume of the 2D system, respectively.
To satisfy the bosonic commutation relation, the BdG
Hamiltonian should be diagonalized by a paraunitary
matrix as T †kHBdG(k)Tk = Ek, where T †kτzTk = τz
and τz = σz ⊗ σ0. The topological behavior of excita-
tions for the j-th band is then characterized by Cj =
(1/2pi)
∫
dkBj(k) [60, 61], where Bj(k) ≡ ∂kxAj,y(k) −
∂kyAj,x(k), Aj,ν(k) ≡ iTr[ΓjτzT †kτz∂kνTk] and Γj is a di-
agonal matrix with the j-th diagonal term equal to 1 and
other terms are 0.
We find that as long as the TRS is broken by the ferro-
magnetic orbital interaction, a topological gap is opened
at the QBCP. Figure 2 shows the first two excitation
bands and the corresponding Berry curvatures. Numeri-
cally, we find that C1 = −1 and C2 = 1 for the lowest and
the first excited bands. Due to the bulk-boundary corre-
spondence, there are topological edge modes within the
gap for the finite system to be described below. We have
thus pointed out a general scenario for realizing topo-
logical excitations in a bosonic system with a QBCP. In
the following, we further propose two generic methods to
realize the desired QBCP in optical lattices by folding
the Brillouin zone in lattices with D4 or D6 point-group
symmetries, as illustrated in Fig. 1. One relies on su-
perposing two parabolic band dispersions and the other
involves the coupling between two Dirac cones.
D4 symmetry.— We first consider a 2D optical lattice
preserving the D4 point-group symmetry. The system
thus is invariant under the parity operation P. As illus-
trated in Fig. 1(b), the single-particle states at inversion-
invariant points K1 and K2 have defined parities. We fur-
ther consider the energy band where single-particle states
at K1 and K2 have odd parities and the energy spec-
tra close to these two points show parabolic dispersions.
Under these conditions, we propose a general scheme to
realize a QBCP by simply folding the Brillouin zone, as
3FIG. 3. (color online). (a) Schematic of the square lat-
tice geometry. The inner black solid and the outer red solid
squares denote the unit cells of the lattice for V2 = 0 and
V2 6= 0, respectively. (b) Single-particle energy bands for
V1 = 1.4ER. The left and right panels show the energy bands
in the original first BZ with V2 = 0 and in the reduced first
BZ for V2 = 0.1V1, respectively. The symbols ‘+’ and ‘-’ are
used to denote even and odd parity of single-particle states at
inversion-invariant points. (c) Bogoliubov excitation spectra
for bosons condensed at the quadratic band crossing point.
(d) Excitation spectra for a finite system with a cylinder ge-
ometry at a weak (left) and a larger (right) interaction. A
periodic (open) boundary condition is assumed in the x (y)
direction. Solid black and red lines denote the bulk excitation
spectra and chiral edge states, respectively.
demonstrated in Fig. 1(c). The key reason is that odd-
parity states at K1 and K2 form two orthogonal bases
for the 2D irreducible representation of the D4 symme-
try group, which is also the little group for two inversion-
invariant points after folding. To protect the QBCP, we
always guarantee that the Hamiltonian preserves the D4
point-group symmetry. In the following, we consider a
concrete example to demonstrate the idea.
We consider the lattice potential
Vs = −V1 [cos kLx+ cos kLy]2
+ 2V2 [cos
2(kLx/2) + cos
2(kLy/2)]− 2V2. (4)
The V1 term is a special case of the chequerboard lattice
realized in Ref. [11] obtained by interfering two optical
standing waves with wave numbers kL. The V2 term de-
scribes a conventional square lattice, obtained from the
superposition of two non-interfering standing waves with
wave numbers kL/2. When V2 = 0, the unit cell contains
only a single lattice site hosting s, px and py orbitals
with different parity. For V1 = 1.4ER (ER ≡ h¯2k2L/2m),
the lowest three energy bands along highly symmetric
lines in the first BZ are shown in Fig. 3(b), where the
minima of the second band related to p-orbitals are lo-
cated at theK1 andK2 points. The corresponding single-
particle states have odd parities. The second band shows
a parabolic dispersion close to the two minima. Via turn-
ing on the V2 term, the unit cell of the lattice is enlarged
to comprise two lattice sites, and hence a reduced first BZ
arises and each energy band of the V1 lattice splits into
two bands of the total lattice Vs. As long as the extra
potential V2 does not break the D4 point-group symme-
try, the two-fold degeneracy at K1 (K2) is not lifted after
folding. This is illustrated in the right panel of Fig. 3(b),
where the four energy bands resulting from odd-parity
p-orbitals are shown. We thus find a QBCP to appear at
the corner of the reduced BZ, which is a local minimum
of both bands involved and can support a stable BEC.
To make our argument more quantitative, we consider
a tight-binding model, which involves px and py orbitals
at each lattice site. The single-particle Hamiltonian is
H0 = J1
∑
r,µ
[
pˆ†µ,rpˆµ,r+eµ+eµ¯ + pˆ
†
µ,rpˆµ,r+eµ−eµ¯ + H.c.
]
+ J2
∑
r,µ
[
pˆ†µ,rpˆµ¯,r+eµ+eµ¯ − pˆ†µ,rpˆµ¯,r+eµ−eµ¯ + H.c.
]
+
∑
r,µ
[
J3 pˆ
†
µ,rpˆµ,r+2eµ + J4 pˆ
†
µ,rpˆµ,r+2eµ¯ + H.c.)
]
+ δ
∑
r∈A,µ
pˆ†µ,rpˆµ,r − δ
∑
r∈B,µ
pˆ†µ,rpˆµ,r. (5)
Here, pˆµ,rα denotes the bosonic annihilation operator
for the pµ orbital located at r, where µ = {x, y},
µ¯ = {x¯, y¯} = {y, x}. ex = (a/2, 0), ey = (0, a/2), and
a = 2pi/kL is the wavelength used to form the V1-lattice.
The δ-term arises for V2 6= 0, which yields a decompo-
sition of the lattice into two sub-lattices denoted A and
B with an on-site energy difference δ for p-orbitals at A
and B sites.
To obtain an effective Hamiltonian close to the QBCP,
we project the Hamiltonian into a subspace spanned by
two bases Pˆ †±,kK1 = (±ipˆ
†
A∓,k cosχ + pˆ
†
B±,k sinχ)/
√
2,
where subscripts A and B are used to distinguish an-
nihilation operators for orbital located at two differ-
ent lattice sites, kK1 = k − (pi/a, pi/a), pˆ†± = pˆ†x ±
ipˆ†y, and χ = arctan[(δ +
√
δ2 + 16J22 )/4J2]. The re-
sulting effective single-particle Hamiltonian is given by
H˜0 =
∑
k(Pˆ+,k, Pˆ
†
−,k)H0(k)(Pˆ+,k, Pˆ−,k)T , where H0(k)
is given by Eq. (2) with parameters t0 = a
2(J3 +
J4 + J2 sin 2χ)/2, t1 = a
2(J4 − J3) cos 2χ/2, and t2 =
a2J1 sin 2χ. The effective interaction part of the Hamil-
tonian takes the same form as that shown in Eq. (1) [59].
This guarantees that we obtain a TRS broken phase.
D6 symmetry.— For the optical lattice with a D6
point-group symmetry, we propose another mechanism
to realize a QBCP shown in Fig. 1(d). The basic idea
is to interfere two Dirac cones at K1 and K2 via folding
the Brillouin zone. Since the system preserves the D6
symmetry, there is a symmetry-protected two-fold de-
generacy. To be more specific, we consider an effective
Hamiltonian for describing the energy dispersion close to
two Dirac cones as
H0(k) = v(kyνzσx − kxν0σy), (6)
4where v is the velocity for two Dirac cones and νi are
Pauli matrices used to describe the valley degrees of free-
dom. To open a gap at the Dirac cones, we can seek for
operators that anticommute with H0(k). Four operators
ν0σz, νzσz, νxσx and νyσz are found to be anticommut-
ing with both νzσx and ν0σy [62]. Here, we focus on
the perturbation δH0 = ∆τxσx, which is found to be the
key for generating Z2 topological states associated with a
pseudo TRS originating from the orbital rotation [63, 64].
In contrast, we are mainly interested in the band disper-
sion, which contains two doubly degenerate bands with
energy spectra ε(k) = ±√v2k2 + ∆2. Taking into ac-
count quadratic terms (∝ k2x, k2y, kxky) during deriving
the effective Hamiltonian of Eq. (6), the full-band de-
generacy should be lifted leaving only a QBCP at the Γ
point, as is illustrated in Fig. 1(d).
A suitable optical lattice potential can be generated by
overlapping two honeycomb lattices indexed by ξ = s, l.
Each of these lattices is created by three laser beams in-
tersecting pairwise under angles of 2pi/3 in the xy-plane.
Their wave vectors are kξj = kξ (cos θξj , sin θξj) where
j = 1, 2, 3, ks =
√
3 kl = kL, θsj = pi/2 + 2pij/3, and
θlj = 2pij/3. These laser beams interfere to produce the
optical lattice potential
V2h = Vs
∑
j
cosbsj · r+ Vl
∑
j
cosblj · r, (7)
where bξ1 = kξ2−kξ3, bξ2 = kξ3−kξ1, bξ3 = kξ1−kξ2.
The Vs-term denotes the honeycomb lattice previously
realized experimentally in Ref. [9]. Its unit cell covers
two lattice sites. The addition of the larger honeycomb
lattice described by the V2 term increases the unit cell
to comprise six lattice sites. As a consequence, the two
Dirac cones at K1 and K2 in the first BZ of the Vs-
lattice merge at the Γ point of the reduced first BZ of
the total lattice V2h. The coupling among two valleys
leads to a bulk gap opening, as illustrated in Fig. 4(c).
Since both honeycomb lattices preserve the D6 point-
group symmetry, the two-fold degeneracy at the Γ point
is protected. We then apply a tight-binding model to
clarify the details. When Vl/Vs  1, we only need to
consider the nearest-neighbour hopping amplitudes. The
corresponding single-particle Hamiltonian is
H0 =
∑
〈i,j〉
(
Jij sˆ
†
i sˆj + H.c.
)
. (8)
Here, sˆi denote the bosonic annihilation operator for the
s orbital at site i and 〈i, j〉 denotes two nearest neigh-
bor sites i and j. Jij = J and Jij = J
′ ≡ γJ are the
nearest-neighbor hopping coefficients between two sites
in the same and in different unit cells, respectively, as
illustrated in Fig. 4(b). Two QBCPs are created at the
Γ point when γ 6= 1. We focus on the upper one where
the degenerate point is a local minimum.
Using the projection operators of the D6 group, we
construct six symmetry-distinguished bases denoted as
FIG. 4. (color online). (a) Contour plot of the lattice po-
tential V2h. Red solid honeycomb denotes one unit cell of
the lattice. (b) Schematic picture for the lattice structure.
Larger honeycomb represents one unit cell. J and J ′ denote
nearest-neighbor hoppings among two sites in the same and
different unit cells, respectively. (c) The energy band disper-
sions along highly symmetric lines for the case with Vs = 7ER
and Vl = 0.1Vs. (c) Bogoliubov excitation spectra for bosons
condensed at the quadratic band crossing point. (d) Exci-
tation spectra for a finite system with a cylinder geometry.
Solid red lines denote the chiral edge states.
s, px, py, dx2−y2 , dxy and f from six s-orbitals in
one unit cell. Close to the Γ point, the middle four
of the six resulting bands are spanned by px, py,
dx2−y2 and dxy-orbitals. The corresponding single-
particle Hamiltonian is H0 =
∑
k Ψ
†
kH0(k)Ψk. Here,
Ψk = (dˆ+,k, dˆ−,k, pˆ+,k, pˆ−,k)T, pˆ
†
± =
1√
2
(pˆ†x ± ipˆ†y),
dˆ†± =
1√
2
(dˆ†x2−y2 ± idˆ†xy). pˆx, pˆy, dˆx2−y2 , and dˆxy are an-
nihilation operators for px, py, dx2−y2 , and dxy-orbitals.
When γ > 1, the upper QBCP arises from two p-
orbitals. Projecting out two d-orbitals via a second-
order perturbation, we obtain an effective Hamiltonian
H˜0 =
∑
k(pˆ+,k, pˆ
†
−,k)H˜0(k)(pˆ+,k, pˆ−,k)T . We confirm
that H˜0(k) has the same form of Eq. (2) with parameters
t0 = a
2
0(γ
2−8γ−2)J/8(γ−1) and t1 = t2 = a20(γ+2)J/8,
where a0 is the distance between two nearest-neighbor
sites. We also confirm that the interaction-part Hamilto-
nian is the same as that shown in Eq. (1). When γ < 1,
the upper QBCP originates from two d-orbitals. The en-
ergy dispersion has a similar form as in the case of γ > 1.
Topological excitations.— We further investigate
bosonic excitations on top of the condensate beyond the
low-energy effective model of Eq. (1) [59]. We derive
the hopping parameters via directly mapping out Wan-
nier functions. It is confirmed that for both lattice po-
tentials considered here a gap is opened at the degen-
erate point as long as TRS is broken due to the spe-
cific ferromagnetic orbital interaction, as illustrated in
Fig. 3(c) and Fig. 4(d). This generates nonzero Berry
5curvatures [59], which should lead to a Hall response
of the system at a finite temperature. Recently devel-
oped techniques for measuring optical conductivity in
cold atoms [65] should be applicable for the experimen-
tal confirmation of the Hall effect. For the D6 symmetric
lattice, the low-energy effective model well describes the
system and all predictions of the general treatment are
reproduced. More specifically, topological protected edge
modes emerge among the lowest two bands for a finite
system. Furthermore, the TRS broken condensate also
induces a topological bulk gap close to the Dirac cone at
K point, leading to in-gap edge modes for a finite system.
For the D4 symmetric square lattice, the single-particle
spectra are degenerate not only at the QBCP we dis-
cussed (K1 point) but also at the Γ point. The Berry cur-
vatures close to two points take different signs resulting in
a zero topological invariant and no edge mode within the
gap. However, when we increase the contact interaction,
an interaction induced band inversion appears between
the second and the third excitation band, which leads
to a topologically nontrivial bulk gap and in-gap edge
modes for a finite system, as illustrated in Fig. 3(d) [59].
Conclusion.—We proposed a generic method for real-
izing bosnic topological excitations based on the insta-
bility of a quadratic band crossing due to ferromagnetic
orbital interaction among condensed bosons. The nec-
essary QBCP can be realized via folding odd-parity or-
bital bands of a square lattice or interfering two Dirac
cones in a honeycomb lattice. Moreover, we have un-
veiled the edge modes for the interaction-induced TRS
broken phase. It is an interesting question whether the
remarkable features we have found for weakly interacting
bosonic superfluids can extend to the strongly interact-
ing regime. Finally, the considerations of this work can
also be applied for realizing similar bosonic topological
phases in photonic crystals [66].
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7Supplementary Material
In this supplementary material, we provide additional details on (A) interaction Hamiltonians, (B) tight-binding
models, (C) effective two-band models, and (D) topological excitations.
A. INTERACTION HAMILTONIANS
In this section, we obtain the interaction Hamiltonian for an effective two-band model and discuss its influence on
the ground state. Taking the two-mode approximation, the bosonic field operator can be expanded as
ψˆ(r) =
∑
i
w+(r− ri)bˆ+,i + w−(r− ri)bˆ−,i, (S1)
where w±(r−ri) and bˆ±,i are respectively Wannier functions cetered at ri and boson annihilation operators on site i .
Two Wannier functions are time-reversal pairs and satisfiy the relation w+(r) = w
∗
−(r). Considering only the s-wave
scattering among bosons, the effective interaction Hamiltonian can be written as
Hˆint =
U0
2
∫
dr ψˆ†(r)ψˆ†(r)ψˆ(r)ψˆ(r)
' U0
2
∑
i
∫
dr
[
w∗+(r− ri)bˆ†+,i + w∗−(r− ri)bˆ†−,i
] [
w∗+(r− ri)bˆ†+,i + w∗−(r− ri)bˆ†−,i
]
×
[
w+(r− ri)bˆ+,i + w−(r− ri)bˆ−,i
] [
w+(r− ri)bˆ+,i + w−(r− ri)bˆ−,i
]
. (S2)
After expansion, we obtain 16 terms. The coefficients of part of them are zero due to symmetry requirement,
momentum conservation, or orbital angular momentum conservation. Here, we consider a ferromagnetic orbital
interacion which can be naturally realized experimentally when only merely s-wave interaction is involved, as we
discussed in the main text and the following sections. The corresponding interaction Hamiltonian is thus given by
Hˆint =
U++
2
∑
i
(
bˆ†+,ibˆ
†
+,ibˆ+,ibˆ+,i + bˆ
†
−,ibˆ
†
−,ibˆ−,ibˆ−,i + 4bˆ
†
+,ibˆ
†
−,ibˆ−,ibˆ+,i
)
, (S3)
where U++ = U0
∫
dr|w+(r)|4. Transforming the lattice model into a continuous model by
∑
i →
∫
dxdy
Ω and bˆ+(−),i →√
Ωφ+(−)(r), where Ω is the area of one unit cell, we get the interaction Hamiltonian in the main text
Hˆint =
g
2
∫
dr[φ†+(r)φ
†
+(r)φ+(r)φ+(r) + φ
†
−(r)φ
†
−(r)φ−(r)φ−(r) + 4φ
†
+(r)φ
†
−(r)φ−(r)φ+(r)], (S4)
where g = ΩU++. In the following, we consider the repulsive s-wave contact interaction among bosons with g > 0.
Taking into account the single-particle Hamiltonian, we solve the ground state under a mean-field approximation.
As long as the single-particle band minima are located at Γ point. We only need to consider these two single-particle
states when minimizing the total energy functional. Within the mean-field framework, we have 〈φ±,k=0〉 =
√
N±eiθ± ,
where N± are the particle numbers for two different orbitals. The mean-field ground state energy is given by
EMF =
g
2V
(N2+ +N
2
− + 4N+N−). (S5)
where V is the volume of the 2D system. The repulsive interaction among bosons favors a spontaneous symmetry
broken ground state with (N+ = N , N− = 0) or (N+ = 0, N− = N).
B. TIGHT-BINDING MODELS
In this section, we obtain parameters for the tight-binding models via directly calculating the Wannier functions,
as discussed in Ref [67, 68]. We first define two band-projected position operators for the two-dimensional system
Rˆ1 =
∑
µ,µ′,k,k′
|ψµ,k〉〈ψµ,k|b1 · rˆ|ψµ′,k′〉〈ψµ′,k′ |
Rˆ2 =
∑
µ,µ′,k,k′
|ψµ,k〉〈ψµ,k|b2 · rˆ|ψµ′,k′〉〈ψµ′,k′ |,
(S6)
8where |ψµ,k〉 represents the Bloch state in the µ-th band at momentum k, b1 and b2 are the reciprocal lattice vectors
and rˆ = (xˆ, yˆ). Wannier functions are defined as the eigenstates of the band-projected position operators and the
corresponding eigenvalues indicate the positions of Wannier functions in real space. Therefore, we obtain the Wannier
functions by diagonalizing Rˆ1 and Rˆ2.
The matrix elements of the band-projected position operators can be constructed by the Bloch waves, which can
be obtained by the plane wave expansion method as
ψµ,k(r) =
1√
NuΩ
eik·r
∑
n1,n2
cn1,n2µ,k e
i(n1b1+n2b2)·r. (S7)
Here, the system covers Nu unit cells. We thus obtain the matrix elements of the position operators by the real-space
integration as
R(1) = 〈ψµ,k|b1 · rˆ|ψµ′,k′〉 =
∫
NuΩ
d2rψ∗µ,k(r)ψµ′,k′(r)b1 · r
R(2) = 〈ψµ,k|b2 · rˆ|ψµ′,k′〉 =
∫
NuΩ
d2rψ∗µ,k(r)ψµ′,k′(r)b2 · r.
(S8)
Here, the integral is among the entire lattice with volume V = NuΩ. Suppose that there are L =
√
Nu unit cells
along the direction of each lattice vector, we can parametrize the momentum k as
k =
m1
L
b1 +
m2
L
b2, (S9)
where, m1 and m2 should be selected as a set of integers which make the momentum k covers the entire first Brillouin
zone. Finally, we obtain the matrix elements of Rˆ1 and Rˆ2:
R(1) =(−1)m1−m′1(−1)m2−m′2
∑
n1,n2,n′1,n
′
2
cn1,n2∗µ,k c
n′1,n
′
2
µ′,k′ (−1)L(n1−n
′
1)(−1)L(n2−n′2)
× i
m1−m′1
L + n1 − n′1
(1− δm1,m′1δn1,n′1)δm2,m′2δn2,n′2
(S10)
R(2) =(−1)m1−m′1(−1)m2−m′2
∑
n1,n2,n′1,n
′
2
cn1,n2∗µ,k c
n′1,n
′
2
µ′,k′ (−1)L(n1−n
′
1)(−1)L(n2−n′2)
× δm1,m′1δn1,n′1
i
m2−m′2
L + n2 − n′2
(1− δm2,m′2δn2,n′2).
(S11)
Diagonalizing the band-projected position operators, we obtain Wannier functions and determine all tight-binding
parameters.
C. EFFECTIVE TWO-BAND MODELS
In this section, we derive an effective two-band model for describing low-energy physics close to the QBCP.
Optical lattice with D4 point-group symmetry
For the square lattice, the single-particle Hamiltonian in momentum space can be written as H0 =
∑
k Ψ
†
kH0(k)Ψk,
where Ψk = (pˆAx,k, pˆAy,k, pˆBx,k, pˆBy,k)
T and
H0(k)=

δ+2J3 cos(akx)+2J4 cos(aky) 0 2J1(cos( a2 (kx+ky))+cos(
a
2
(kx−ky))) 2J2(cos( a2 (kx+ky))−cos( a2 (kx−ky)))
0 δ+2J4 cos(akx)+2J3 cos(aky) 2J2(cos( a2 (kx+ky))−cos( a2 (kx−ky))) 2J1(cos( a2 (kx+ky))+cos( a2 (kx−ky)))
2J1(cos( a2 (kx+ky))+cos(
a
2
(kx−ky))) 2J2(cos( a2 (kx+ky))−cos( a2 (kx−ky))) −δ+2J3 cos(akx)+2J4 cos(aky) 0
2J2(cos( a2 (kx+ky))−cos( a2 (kx−ky))) 2J1(cos( a2 (kx+ky))+cos( a2 (kx−ky))) 0 −δ+2J4 cos(akx)+2J3 cos(aky)
 .
(S12)
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FIG. S1. (a) Selected Wannier functions for the square lattice and the honeycomb lattice, respectively. Black solid square or
honeycomb denote one unit cell of the optical lattice. (b) Single-particle energy bands. Red solid lines denote numerical results
calculated from plane-wave expansion. Cyan solid lines denote energy bands derived from tight-binding models discussed in
the main text and blue dashed lines denote results obtained from tight-binding models with more hopping terms. All hopping
parameters are calculated based on the obtained Wannier functions. The parameter we used are (left) V1 = 1.4ER and
V2 = 0.1V1, δ = 0.1382ER, J1 = 0.0555ER, J2 = 0.0912ER, J3 = 0.0158ER and J4 = −0.0098ER; (right) V1 = 7ER and
V2 = 0.1V1, J = −0.1474ER and J ′ = −0.2584ER.
Performing a unitary transformation H′(k) = U†H(k)U , where the matrix U is given by
U = 1√
2

−i sinχ i sinχ i cosχ −i cosχ
− sinχ − sinχ cosχ cosχ
cosχ cosχ sinχ sinχ
i cosχ −i cosχ i sinχ −i sinχ
 (S13)
with χ = arctan
δ+
√
δ2+16J22
4J2
, we transform the orbital bases into the angular momentum bases. Here, U contains four
eigenstates at K1. The last two columns of U are two eigenstates with lower energies. Two energy bands close to the
degeneracy point are spanned by two bases:
Pˆ †+,kK1 =
1√
2
(
ipˆ†Ax,k cosχ+ pˆ
†
Ay,k cosχ+ pˆ
†
Bx,k sinχ+ ipˆ
†
By,k sinχ
)
, (S14)
Pˆ †−,kK1 =
1√
2
(
−ipˆ†Ax,k cosχ+ pˆ†Ay,k cosχ+ pˆ†Bx,k sinχ− ipˆ†By,k sinχ
)
, (S15)
where kK1 = k − (pi/a, pi/a). We thus obtain an effective two-band model given by H˜0 =∑
k
(
Pˆ †+,k, Pˆ
†
−,k
)
H˜0 (k)
(
Pˆ+,k, Pˆ−,k
)T
. Expanding the matrix H˜0(k) upto the second order of k, we obtain
H˜0 (k) =
(
t0(k
2
x + k
2
y) t1(k
2
x − k2y)− it2kxky
t1(k
2
x − k2y) + it2kxky t0(k2x + k2y)
)
, (S16)
where t0 =
a2(J3+J4+J2 sin 2χ)
2 , t1 =
a2(J4−J3) cos 2χ
2 , and t2 = a
2J1 sin 2χ.
For the square optical lattices we considered in the main text, using the matrix U we derive two Wannier functions
related to two bases Pˆ±,k as
w+(r) =
1√
2
{[iwpAx(r) + wpAy (r)] cosχ+ [wpBx(r) + iwpBy (r)] sinχ}, (S17)
w−(r) =
1√
2
{[−iwpAx(r) + wpAy (r)] cosχ+ [wpBx(r)− iwpBy (r)] sinχ}, (S18)
where wpOµ (O = A,B, µ = x, y) is the Wannier function of the pµ orbital at O site. We define UA(B)1 =
U0
∫
dr|wpA(B)x(r)|4 = U0
∫
dr|wpA(B)y (r)|4 and UA(B)2 = U0
∫
dr|wpA(B)x(r)|2|wpA(B)y (r)|2. Substituting two Wannier
functions into the Hamiltonian of Eq. (S2) and applying the relation UA(B)1 = 3UA(B)2 as obtained in Ref. [69], we
confirmed that the interaction Hamiltonian is same as that shown in Eq. (S3) where bˆ± are replaced by Pˆ±. The
interacting coefficient is obtained as U++ = [(UA1 +UA2) cos
4 χ+ (UB1 +UB2) sin
4 χ]/2 = 23 (cos
4 χUA1 + sin
4 χUB1).
Optical lattice with D6 point-group symmetriy
For the lattice with D6 point-group symmetry discussed in the main text, we propose a tight-binding model
with six s orbitals to describe the system. The single-particle Hamiltonian in momentum space can be written as
10
H0 =
∑
k Ψ
†
kH0(k)Ψk, where Ψk = (sˆ1,k sˆ2,k sˆ3,k sˆ4,k sˆ5,k sˆ6,k)T and
H0(k) = J

0 eie3·k 0 γeie2·k 0 eie1·k
e−ie3·k 0 e−ie2·k 0 γe−ie1·k 0
0 eie2·k 0 eie1·k 0 γeie3·k
γe−ie2·k 0 e−ie1·k 0 e−ie3·k 0
0 γeie1·k 0 eie3·k 0 eie2·k
e−ie1·k 0 γe−ie3·k 0 e−ie2·k 0
 , (S19)
where k = (kx, ky), e1 = a0(1, 0), e2 = a0(− 12 ,
√
3
2 ), and e3 = a0(− 12 ,−
√
3
2 ). a0 =
4pi
3
√
3kL
is the distance between two
nearst-neighbor lattice sites.
To obtain the low-energy effective Hamiltonian close to the QBCP, we first change the bases from six spatially
separated s-orbitals to a set of orbitals named s, px, py, dx2−y2 , dxy and f orbitals. They can be constructed
by applying the projection operators to calculate the irreducible representation bases. We thus obtain them as
superpositions of six s orbitals as
us =
1√
6
[
1 1 1 1 1 1
]T
,
upx =
1
2
√
3
[−1 −2 −1 1 2 1]T ,
upy =
1
2
[
1 0 −1 −1 0 1]T ,
udx2−y2 =
1
2
√
3
[−1 2 −1 −1 2 −1]T ,
udxy =
1
2
[−1 0 1 −1 0 1]T ,
uf =
1√
6
[
1 −1 1 −1 1 −1]T .
(S20)
For the Γ point, the little group coincides with the point group D6. Therefore, uo with o=s, px, py, dx2−y2 , dxy
and f , are eigenstates of H0(k) at Γ. The corresponding eigenvalues are εs = (2 + γ)J for s orbital, εf = −(2 + γ)J
for f orbital, εd = (γ − 1)J for d orbitals and εp = −(γ − 1)J for p orbitals. Close to Γ point, the middle four bands
mainly spanned by px, py, dx2−y2 and dxy orbitals. The corresponding Hamiltonian becomes H0 =
∑
k Ψ
†
kH0(k)Ψk,
where Ψk = (pˆ+,k dˆ+,k pˆ−,k dˆ−,k)T, pˆ
†
+,k =
1√
2
(pˆ†x,k + ipˆ
†
y,k), pˆ
†
−,k =
1√
2
(pˆ†x,k − ipˆ†y,k), dˆ†+,k = 1√2 (dˆ
†
x2−y2,k + idˆ
†
xy,k)
and dˆ†−,k =
1√
2
(dˆ†x2−y2,k − idˆ†xy,k). Keeping upto the second order of momentum, H0(k) is written as
H0(k) =

D −B (k2x + k2y) −iA (kx + iky) −C (kx − iky)2 0
iA (kx − iky) −D +B
(
k2x + k
2
y
)
0 C (kx + iky)
2
−C (kx + iky)2 0 D −B
(
k2x + k
2
y
) −iA (kx − iky)
0 C (kx − iky)2 iA (kx + iky) −D +B
(
k2x + k
2
y
)
 , (S21)
where A = −a0J(γ+2)2 , B = −a
2
0J(γ−1)
4 , C = −a
2
0J(γ+2)
8 and D = −J(γ − 1).
When γ > 1, the upper two bands are spanned by two p-orbitals. Projecting out two d-orbitals via a second order
1 6
2
3 4
5
FIG. S2. Schematic picture of the optical lattice with D6 point-group symmetry. The numbers label different sites in one unit
cell.
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perturbation, we obtain a two-band model as H˜0 =
∑
k(pˆ+,k, pˆ
†
−,k)H˜0(k)(pˆ+,k, pˆ−,k)T, where
H˜0(k) =
(
[H0]33 [H0]34
[H0]43 [H0]44
)
+
1
εp − εd
(
[H0]31[H0]13 + [H0]32[H0]23 [H0]31[H0]14 + [H0]32[H0]24
[H0]41[H0]13 + [H0]42[H0]23 [H0]41[H0]14 + [H0]42[H0]24
)
=
(
t0(k
2
x + k
2
y) t1(k
2
x − k2y)− it2kxky
t1(k
2
x − k2y) + it2kxky t0(k2x + k2y)
)
, (S22)
where t0 =
a20J(γ
2−8γ−2)
8(γ−1) and t1 = t2 =
a20J(γ+2)
8 .
We further obtain two Wannier functions related to pˆ±,k as
w+(r) =
1√
6
[ei
2pi
3 ws1(r)− ws2(r) + e−i
2pi
3 ws3(r) + e
−ipi3 ws4(r) + ws5(r) + e
ipi3 ws6(r)], (S23)
w−(r) =
1√
6
[e−i
2pi
3 ws1(r)− ws2(r) + ei
2pi
3 ws3(r) + e
ipi3 ws4(r) + ws5(r) + e
−ipi3 ws6(r)]. (S24)
Substituting two Wannier functions into the Hamiltonian of Eq. (S2), we confirmed that the interaction Hamiltonian
is same as that shown in Eq. (S3) where bˆ± are replaced by pˆ±. The interacting coefficient is obtained as U++ = Us/6,
where Us = U0
∫
dr|wsl(r)|4, l labels different s orbitals in the unit cell with integer l = 1, 2, ..., 6.
D. TOPOLOGICAL EXCITATIONS
In this section, we calculate the bosonic excitations on top of the time-reversal symmetry broken condensate. Within
the Bogoliubov approximation, the Hamiltonian can be rewritten as H = 12
∑
k(δΨ
†
k, δΨ
T
−k)HBdG(k)(δΨk, δΨ†T−k),
where Ψk indicate the bases used in the tight-binding model, HBdG(k) has the form of
HBdG(k) =
(Mk Nk
N ∗−k M∗−k
)
. (S25)
To satisfy the bosonic commutation relation, the BdG Hamiltionian should be diagonalized by a paraunitary matrix
T †kHBdG(k)Tk = Ek, where T †kτzTk = τz and τz = σz⊗1n×n, 1n×n is an identity matrix and n is the number of bands
with n = 4 for the square lattice and n = 6 for the honeycomb lattice. In the numerical calculation, we diagonalize
τzHBdG(k) for all k to obtain the excitation spectra of quasiparticles.
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FIG. S3. (a) Bosonic excitation spectra with δ = 0.1382ER, J1 = 0.0555ER, J2 = 0.0912ER, J3 = 0.0158ER, J4 = −0.0098ER
and UA1ρ = UB1ρ = 0.2ER. (b) Berry curvature for the lowest excitation band. Here, solid square denotes the first Brillouin
zone. (c, d) Excitation spectra for a finite system with (c) UA1ρ = UB1ρ = 0.2ER and (d) UA1ρ = UB1ρ = 0.6ER . The red
solid lines indicate the edge states.
For the square lattice, Ψk = (pˆAx,k, pˆAy,k, pˆBx,k, pˆBy,k)
T. When bosons condensed at the QBCP, we have
〈Ψk=K1〉 =
√
N√
2
(i cosχ, cosχ, sinχ, i sinχ)T, where χ is determined by the method of simulated annealing. Although
bosons condense at momentumK1(
pi
a ,
pi
a ) rather than Γ(0, 0), the BdG Hamiltionian still has the same form of Eq. (S25)
because of the relation M−k = M2K1−k. We find that Mk = H0(k) − EQBCP14×4 + ρ3 diag (uA, uA, uB , uB), where
uA = 4UA cos
2 χ−2UA cos4 χ−2UB sin4 χ, uB = 4UB sin2 χ−2UA cos4 χ−2UB sin4 χ and EQBCP is the single-particle
energy at the QBCP, and
Nk = ρ
3

−UA cos2 χ iUA cos2 χ 0 0
iUA cos
2 χ UA cos
2 χ 0 0
0 0 UB sin
2 χ iUB sin
2 χ
0 0 iUB sin
2 χ −UB sin2 χ
 . (S26)
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Here, ρ is the averaged boson number per unit cell and UA and UB is the contact interactions for p orbital at site A
and B.
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FIG. S4. (a) Bosonic excitation spectra with J = −0.15ER, J ′ = −0.45ER and Usρ = 0.15ER. (b) Berry curvature for the
lowest excitation band. Here, solid honeycomb denotes the first Brillouin zone. (c) Excitation spectra for a finite system with
J = −0.15ER, J ′ = −1.5ER and Usρ = 0.9ER. Red solid lines represent edge modes.
For the honeycomb lattice, Ψk = (sˆ1,k, sˆ2,k, sˆ3,k, sˆ4,k, sˆ5,k, sˆ6,k)
T . We consider to load bosons into the QBCP
at minimum of the fourth and the fifth bands. Due to the ferromagnetic orbital interaction, when bosons condense
the time-reversal symmetry will be broken. For the case of γ > 1, we choose one degenerate state with the order
parameter 〈Ψk=0〉 =
√
N√
6
(ei2pi/3, −1, e−i2pi/3, e−ipi/3, 1, eipi/3)T. The BdG Hamiltionian is given by Eq. (S25) with
Mk = H0 (k)− EQBCP16×6 + Uρ6 16×6 and Nk = Uρ6 diag(e−i2pi/3, 1, ei2pi/3, e−i2pi/3, 1, ei2pi/3).
Diagonalize the BdG Hamiltonian, we obtain bosonic excitation spectra. To characterize the topological feature of
the bosonic excitations, we numerically calculate the topological invariant. For the j-th band, it is defined as
Cj = 1
2pi
∫
dkBj(k), (S27)
where the Berry curvature Bj(k) reads
Bj(k) = ∂kxAj,y(k)− ∂kyAj,x(k), Aj,ν(k) = iTr[ΓjτzT †kτz∂kνTk]. (S28)
Here, Γj is a diagonal matrix with the j-th diagonal term equal to 1 and other terms are 0.
Due to the bulk-boundary correspondence, nonzero topological invariant indicates the existence of the edge modes.
For the finite system, we consider a strip geometry with the periodic (open boundary condition along x (y) direction.
Numerically, one unit cell of the finite system covers 40 unit cells of the optical lattice. Since a 2pi Berry flux
is encoded in the QBCP, when the double degeneracy is lifted by the interaction among bosons, nonzero Berry
curvature is generated for the excitations, which is illustrated in Fig. S3(b) and Fig. S4(b).
For the D4 symmetric lattice, we find that with a weak interaction lowest two excitation bands shown in Fig. S3(a)
are topological trivial, although Berry curvatures close to K1 and Γ points are nonzero. This is because the single-
particle energy bands are degenerate at both K1 and Γ points. The time-reversal symmetry broken condensate lift the
degeneracy at both points. The generated Berry curvatures cancel each other leading to zero topological invariants.
When we further increase the s-wave interaction among bosons, we find that interaction-induced band inversion
appears among the second and the third excitation bands, leading to topological excitations and in-gap edge modes,
which is shown in Fig. S3(d).
For the D6 symmetric lattice, we obtain similar results as the D4 symmetric lattice when γ < 1. While for the
case of γ > 1, there is only one degeneracy point among the fourth and the fifth single-particle energy bands. The
interaction-induced time-reversal symmetry broken condensate generates a topological gap at the Γ point. Meanwhile,
a topological bulk gap is opened close to Dirac cones at K points. For a finite system, we confirm that there are
in-gap edge modes, which is shown in Fig. S4(c).
